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Abstract

State-of-the-art algorithms for randomizing (or “null-modeling”)
graphs, hypergraphs, binary matrices, and market basket datasets
are based on the Curveball trade, a procedure that takes two n-
dimensional binary vectors (e.g., 1-hop neighborhood vectors, hy-
peredges, columns, transactions), and transforms them into two
new vectors with the same L! norm, bitwise-XOR, and bitwise-AND
as the original ones.

We present HOMERUN, an algorithm to perform Curveball trades
in an almost-streaming fashion. Previous approaches make multiple
passes over the input vectors, and perform other operations with
O(n) computational cost. HOMERUN instead performs a single linear
scan over the data, and costs less than two passes. We achieve this
speedup by framing a Curveball trade as a sampling procedure,
and by using reservoir sampling and strict upper bounds to avoid
having to compute the population and sample sizes.

Our experimental evaluation on real and artificial datasets shows
that HOMERUN achieves a 2x speedup over existing algorithms.
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1 Introduction

(Multi-, hyper-, bipartite, dyadic) graphs, binary matrices, and mar-
ket basket transactional datasets are used to represent data in a
multitude of scenarios, and the analysis of such data has never-
ending applications in different areas, from the analysis of social
and trade networks [26], to the study of bipartisan behavior in
political institutions [18], to ecology [11], to building recommender
systems [16], to understanding protein-protein interactions [35],
gene mutations [33, 39], and the spread of contagious diseases [4].

The real goal of data analysis is to obtain new knowledge about
the partially unknown, stochastic, Data Generation Process (DGP)
that created the observed dataset D not to “squeeze out” such
dataset, which is a partial, noisy representation of the DGP [34, 45].
A null model (D, ) is a mathematical formalization of the DGP,
encoding all available knowledge or assumptions about the DGP. It
is a set D of all the possible datasets that the DGP may generate
(thus including D) together with a distribution 7 over D, represent-
ing the probability that a dataset in D is generated. Assumptions
and previous knowledge are encoded as a set of properties that all
datasets in 9 must preserve. Null models for the aforementioned
types of data have been and are continuously proposed [1, 2, 10,

R , 37, 38, and references therein] where the maintained set
of properties is, e.g., the degree sequence (for graphs), the degree se-
quence and hyperedge dimension sequence (for hypergraphs), the
row- and column-sum sequences (for binary matrices), or the items
frequencies and transaction lengths (for transactional datasets).

The framework of statistical hypothesis testing [23] can be used
to determine whether the results obtained from the analysis of the
observed dataset D can be reasonably explained by the existing
knowledge or assumptions encoded in the null model, or whether
these results carry new information about the DGP. In this frame-
work, results from D are compared to the empirical distribution of
the same results obtained by drawing datasets from O according
to 7. An empirical p-value is computed, quantifying the probability
that the DGP would generate a dataset with results as or more
extreme than the ones obtained from D. A small p-value gives evi-
dence that the observed dataset contains new information about
the DGP. The key algorithmic challenge is to develop fast methods
to draw samples from D according to 7.

The set D is usually very rich and large, and « is an arbitrary
distribution, so direct sampling is not an efficient approach [27].
The availability of D makes Markov-Chain-Monte-Carlo (MCMC)
methods very appealing, by running, from D, a Markov Chain (MC)
over O with stationary distribution . The modeling question is
how to design such an MC, and the algorithmic question is how to
make it efficient, i.e., how to ensure it converges to the stationary
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distribution as fast as possible, both in the number of steps needed
and in the elapsed wall-clock time. For many scenarios, for all the
types of data we mentioned, such MCs are available (see Sect. 2
and Sect. 3.1.1), and many of them use the same procedure to se-
lect the next state of the MC, namely, the Curveball trade [40, 42],
which takes two binary vectors (e.g., two vertex neighborhoods, two
hyperedges, two matrix columns or rows, two transactions), and
outputs two new vectors with the same number of non-zero entries,
the same bitwise-AND, and the same bitwise-XOR, as the original
ones (see Sect. 3.1). When the vectors represent vertex neighbor-
hoods, a Curveball trade ensures that the degree sequence does not
change. Similarly, for other types of data, the aforementioned sets
of properties are preserved. Performing a Curveball trade is the
key computational step in MCMC methods for sampling from null
models for the aforementioned types of data, so it is imperative
that the execution of this operation is fast, so the MC does not take
much time to converge to the stationary distribution, and many
samples from the null model can be drawn, leading to a precise
empirical distribution that allows trustworthy hypothesis testing.

Contributions. We study the problem of performing Curveball
trades as efficiently as possible. Our contributions are the following:

e We frame the Curveball trade as a procedure to draw a ran-
dom sample of an input-dependent size from a specific input-
dependent population (Sect. 3.1). This point of view, seem-
ingly not noticed in the past, enables us to leverage on the
extended literature on efficient random sampling.

o We present HOMERUN, a new algorithm for performing Curve-
ball trades. It performs a single linear scan of the input, fol-
lowed by additional operations that cost strictly less than
a scan in total, thus performing a Curveball trade quasi in
streaming. Previous algorithms, by contrast, made multiple
passes over the input and additional operations with linear
cost (Sect. 4.1). At the basis of HOMERUN is the use of reser-
voir sampling [43] (Sect. 3.2), an efficient way of creating a
random sample when the size of the population is not known.
Curveball trades pose the additional challenge that the sam-
ple size is not available a priori, as it is input dependent. We
tackle this aspect in HOMERUN by using strict upper bounds
to the sample size that are refined as more information about
the input is available.

e Our experimental evaluation on real and artificial datasets
shows that HOMERUN performs Curveball trades up to 2x
faster than existing algorithms, and an equally faster con-
vergence of MC methods based on Curveball trades.

2 Related work

A well-known approach to transform one binary matrix into an-
other with the same row and column sums is the tetrad swap [36]. In
this move, four not-necessarily-adjacent entries of the matrix form-
ing either the submatrix (§ 9) or the submatrix (¢ }) are “swapped”
to obtain the other submatrix. Ryser [36, Ch. 6] showed that there
is a sequence of tetrad swaps transforming any binary matrix into
any other binary matrix with the same row and column sums. Since
then, this move has been at the basis of MCs for this space [17],
but also for spaces defined over bipartite graphs [21, 29] (where
the bi-adjacency matrix is considered), transactional datasets for
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market-basket-analysis [1, 19], hypergraphs [2, 9, 31], and graphs
(where it involves switching two neighbors of two vertices) [15, 32].
Theoretical analysis of the mixing time of MCs based on tetrad swap
showed that, in some cases, they may mix in polynomial time [12].
In practice though, the wall-clock time to find swappable entries
(as not all 4-tuples of entries are swappable) often dominates the
time taken by these MCs to converge to the stationary distribution.
For this reason, Allendorf et al. [3] suggest a parallelization of the
MC, and Wang [44] proposed RectangleLoop, a smarter way to find
swappable 4-tuples in binary entries, which is slightly faster than
the original tetrad swap, and may mix in fewer steps. Variants of
the tetrad swap involving more than four entries have been used
for sampling from more complex models [41], e.g., bipartite graphs
with a prescribed number of caterpillars [29], and it has been shown
that there are models for which it is not sufficient to swap up to a
given amount of entries [30].

The introduction of the Curveball trade, originally proposed by
Verhelst [42] and so named by Strona et al. [40], led to a significant
change of paradigm: the Curveball trade is the first proposed move
where more than four entries in a binary matrix may be swapped.
The Curveball trade achieves this result by operating on whole
columns or rows, i.e., on vectors, performing multiple tetrad swaps
between elements in these vectors. Current state-of-the-art algo-
rithms are based on the Curveball trade [6, 7, 10, 40], and, for many
settings, from graphs to hypergraphs to transactional datasets, ex-
isting algorithms can be easily adapted to use the Curveball trade
in place of the tetrad swap. Carstens and Kleer [8] discuss how
MCs based on the Curveball trade mix at least as fast as those based
on the tetrad swap. The original works introducing the Curveball
trade were scant in algorithmic detail [40, 42]. Godard and Neal
[20] present FASTBALL, a possible efficient approach to performing
Curveball trades. We discuss it in detail in Sect. 4.1. As we point
out there, FASTBALL makes many passes over the input vectors.
Our main contribution in this work is HoMERUN, an algorithm to
perform Curveball trades with a single pass over the vectors. It can
be used in all the aforementioned settings.

3 Preliminaries

We now introduce key concepts and notation.

For n € N, we use [n] to denote the set {1,...,n}.

Leta = {ay,...,a,) € {0,1}" be a n-dimensional binary vector.
We denote with 7 its bitwise negation. Let ||al|, be its L!-norm, i.e,
the sum of the absolute values of the entries in a, which is the same
as its L°-norm, i.e., the number of non-zero entries in a, because a
is binary. Let nzi(a) C [n] be the set of indices s.t. a; = 1, i € [n].

For two n-dimensional binary vectors a and b, we denote with
a & b their bitwise-AND, and with a @ b their bitwise-XOR. We use
a \ b to denote the n-dimensional binary vector whose entries with
value 1 are all and only those where the corresponding entry in a
has value 1, and the corresponding entry in b has value 0, i.e.,

a\b=a& b.
Given a population P and a sample size 0 < g < |P|, let Z(P, q)
be the set of all subsets of P of size q. We say that S € Z(P,q) isa
uniform sample of P of size g when it is chosen uniformly at random

from Z (%, q). An algorithm creates a uniform sample when all
elements of Z (%P, q) have the same probability to be output.
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3.1 The Curveball trade

The Curveball trade (so named by Strona et al. [40] but originally
introduced by Verhelst [42]) is an operation that, in its most general
form, takes two n-dimensional vectors a and b and returns two n-
dimensional vectors ¢ and d such that!
(1) llall; = llcll; and ||bll; = [|d]l1, i.e., the new vectors have the
same number of non-zero entries as the original ones; and
(2) a®b =cad,ie, foreveryi € [n] s.t. a; # b;,itholds ¢; # d;;

and
(3) a&b =c&d, ie, for every i € [n] s.t. a; = b;, it holds
ci=d;=a; =b;

We frame a Curveball trade as a procedure based on uniform sam-
pling from a specific population. This point of view is extremely
convenient, although very different from the original presentation
of a Curveball trade, as it opens up the connection, which we ex-
ploit to develop HoMERUN, with efficient methods to build a sample.
Under this lens, a Curveball trade proceeds as follows:

(1) Let Pap = nzi(a @ b) C [n] be our population. In other
words, P, is the set of indices i € [n] such that a; # b;. Let
qap = |la \ b||; be the sample size, that is, the number of
indices i € [n] where a; = 1 and b; = 0. Finally, let S, be a
uniform sample of P,}, of size q,p;

(2) Setc; =1andd; =0 for every i € Syp;

(3) Setd; =1andc; =0 forevery i € Pap \ Sab;

(4) For every i € [n] \ Pap, set ¢; = d; to the value of a; (which
is the same as the value of b;). Bitwise, this step corresponds
to setting ¢; =d; = 1 forevery i € nzi(a&b),andc; =d; =0
for every i € nzi(a &b).

This description leaves open several algorithmic questions about
how to actually perform a Curveball trade. For example, how to
compute the population, the sample size, the sample, and how to
perform all the operations to set the values in the new vectors. In
this work we answer these questions with HOMERUN, an efficient
algorithm to perform Curveball trades.

In the rest of this work, to simplify the presentation of algorithms
and proofs, we make the assumption, w.l.o.g., that ||a]|; < ||b]|,,
as we can just switch the two vectors, and then switch the output
vectors ¢ and d just before returning them.

3.1.1  Using the Curveball trade. As we discussed in Sect. 2, Curve-
ball trades are used in algorithms to sample from the space of binary
matrices with prescribed row and column sums [5, 40], from the
space of bipartite graphs with prescribed degree sequences [21,

], graphs with prescribed degree sequence [6, 15], transactional
datasets with fixed transaction lengths and item frequencies [1, 19],
and, with a minor variation in the last step, hypergraphs with pre-
scribed degree sequence and edge dimension [10]. We discuss here
in more detail the case of binary matrices and of graphs, but all we
say, including the algorithms we present in Sect. 4, can be adapted
to all above scenarios and possibly more.

Let M € {0,1}"*™ be a nXm binary matrix, where r;(M) denotes
its i row, 1 < i < n, and c;(M) its j™ column, 1 < j < m. Let

R(M) = ([[rs (Mg, - lIrn (M) 1)

IFor ease of presentation, we discuss Curveball trades, and algorithms performing
them, as returning two new vectors ¢ and d. The discussion can be easily adapted to
transform the input vectors a and d in place.
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be the vector of the row sums of M, and similarly

CM) = (llcx (M), - -, llem (M)[1)

be the vector of the column sums of M.
For any r € N”, ¢ € N™, define

M(r,c) = {M € {0,1}"""™ : R(M) =1 A C(M) =c}

as the set of all n X m binary matrices with row-sums vector r and
column-sums vector c.

The set M(R(A;I ), C(A;I )), together with the uniform distribution
over it, form a widely-used null model with applications from many
fields (see Sect. 1). It encodes the available knowledge, or assump-
tion, that the Data Generation Process only produces matrices with
the same row- and column-sums vectors as the observed matrix M.

Given an observed n X m binary matrix M, a Markov-Chain-
Monte-Carlo (MCMC) method to sample uniformly from
M(R(M), C(A;I)) involves running a Markov Chain (MC) from
So = M, as follows [40]. At each step t > 0, with the current
state being the matrix S;, one draws an unordered pair of distinct
indices (a, b) € [m] X [m] uniformly from the set of such pairs. One
then performs a Curveball trade between the columns cs, (a) and
cs, (b) of the current state S; to obtain the columns ¢ and d which
replace respectively cs, (a) and cs, (b) in S; to obtain the next state
St+1. The fact that S,.; belongs to M(R(M), C(M)) follows from
the properties of the Curveball trade: the first property guarantees
that the column-sums vector is unchanged, and the second and
third properties guarantee that the row-sums are unchanged. Af-
ter a sufficient number of steps, the state of the MC is distributed
uniformly over M(R(M), C(M)) [5].

A similar null model can be defined on graphs with the same
degree sequence as an observed one G (see Sect. 2), which is known
as the micro-canonical configuration model. MCMC algorithms to
sample from this space proceed as follows [7]. Assume for now
that the graphs are directed. They can be represented through
their adjacency lists, i.e., for each vertex w, which, w.l.o.g., can be
assumed to be in [n], one keeps a n-dimensional binary vector v,,
where the entries set to 1 are the (out-)neighbors of w. At each
step, two distinct vertices a and b are sampled (from the same side
of the graph, if the graph is bipartite), and a Curveball trade is
performed between their neighborhood vectors v, and v. In this
settings, the L! norm of a vector is the degree of its corresponding
vertex, so the properties of the Curveball trade guarantee that
the degree sequence is unchanged. The only minor complication
occurs when the space of graphs from which to sample should only
contains graphs without self-loops. In this case, the population for
the Curveball trade is defined as Py, v, = nzi(v,®vy)\ {a, b}. This
modified definition requires minimal changes to the algorithms
we present in Sect. 4, so we do not discuss it further. When the
(non-bipartite) graphs are undirected, an additional final step is
required to propagate the changes in the graph structure resulting
from the trade to the adjacency lists for the (former) neighbors
of a and b involved in the trade [6]. This step is straightforward,
and computationally cheap, so we do not consider it further in our
presentation.

For bipartite graphs, a Curveball trade proceeds as in the case for
directed graphs, except that we only consider the m vertices on one
side of the graph, while there are n on the other side. An equivalent
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Pap = {1,2,3,4}
a ! 1 0 1,0 1 01 Gab =2
- Sub = (2.4} —
b ¥ 0/ 1,0 1 1 0 1 (exampleuniformsampleof

1 2 3 4 5 6 7 Pap of size gab = 2)
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Figure 1: An example Curveball trade on a bipartite graph of scientists and the articles they authored. On the right graph, the
new edges resulting from the trade are in blue, and the removed edges are dashed (and not part of the graph).

point of view is thinking that the Curveball trade is acting on the bi-
adjacency matrix of the bipartite graph. An example of a Curveball
trade on a bipartite graph (for m = 3 and n = 7), is shown in Fig. 1.

The Curveball trade variant between vectors of edge stubs de-
fined by Chodrow [10] for hypergraphs (and called “pairwise shuf-
fle”) can also be easily handled by the algorithms we discuss.

As it should be clear from the above description, the key algo-
rithmic step in sampling from the above null model of matrices
or graphs is the Curveball trade. In this work we introduce an al-
gorithm to perform such operation as fast as possible. We remark
that our goal is not to modify Curveball trades so that the MC
reaches the stationary distribution in fewer steps, rather to speed
up the execution of each trade so that the MC reaches the stationary
distribution in less wall-clock time.

Because Curveball trades are always performed in a setting like
the above, where MorG is available, and the row- and column-sum
vectors or the degrees do not change, i.e., none of the L!-norms of
the vectors change, we make the very mild assumption that the L!-
norms of the vectors a, b involved in a Curveball trade are available
in time O(1). Indeed they could all be computed once from MorG
and never again, as they do not change.

3.2 Reservoir sampling

Reservoir sampling [43] is a popular approach to create a uniform
sample S of size g from a population # when the population size is
not known a priori [22, Sect. 3.4.2]. Our algorithm HOMERUN uses
reservoir sampling with some tweaks (see Sect. 4.2). We describe
here the most common algorithm for reservoir sampling [43, Al-
gorithm R]. An interesting direction for future work is adapting
HoMERUN to use more refined methods for reservoir sampling (e.g.,
[43, Algorithm Z], or the algorithms by Li [25]).

Algorithm R scans the elements of # one by one, in an arbitrary
order <p1, e ,p‘p|>, keeping track of the number ¢ > 1 of elements
seen so far (including the one currently being scanned). It also keeps
an array r (the reservoir) of size g, initially empty (we consider array
cells to be 1-indexed, for ease of presentation). For any time ¢ < g,
py is inserted into the ™ cell of r. For ¢ > g, the algorithm flips a
coin with heads bias b; = g/t. If the outcome is heads, p; is inserted
in a cell of r chosen uniformly at random, replacing the element
currently there. If the outcome is tails, the reservoir is not touched,
and the algorithm moves to scan the next element.

HoMERUN relies on the following property of Algorithm R.

LEMMA 3.1 (43, SECT. 2). After p; has been handled, the elements
in the reservoir r form a uniform random sample of (p1, ..., p:) of
size min{t, q}.

We also make use of the following well-known fact, which can be
summarized as “a uniform sample of a uniform sample is a uniform
sample”.

Fact 3.2. Let P be a population, and S be a uniform sample of P
of sizeq. Let ¢’ < q, and let 8’ be a uniform sample of S of size q'.
Then S’ is a uniform sample of P of size q’.

4 Algorithms for Curveball trades

We now describe two algorithms for performing Curveball trades,
starting from FAsTBALL [20], and then present our new algorithm
HoMERUN. As mentioned in Sect. 3.1.1, we discuss them in the most
generic form, but they directly apply or can be straightforwardly
applied to the cases where the vectors represent neighborhood of
vertices, hyperedges of vertex stubs, market basket transactions,
and more.

4.1 FasTBALL

FAsTBALL [20] is a possible way to perform a Curveball trade. We
describe it here to point out the inefficiencies that our algorithm
HoMEeRUN addresses (Sect. 4.2), and because FASTBALL serves as a
baseline for our experimental evaluation of HOMERUN (Sect. 5).
Algorithm 1 gives the pseudocode for FAsTBALL. The algorithm
takes in input two n-dimensional binary vectors a and b, and per-
forms a Curveball trade to return vectors ¢ and d as follows. It first
computes (lines 1-3), the number z of entries that are 1 in both
aandb (i.e,, z = ||a & b||;). Then it creates a victory vector v that
has ||al|; — z entries set to 1 and ||b||; — z entries set to 0 (line 4).
We recall the assumption that the L!-norm of input vectors can
be obtained in time O(1) (see Sect. 3.1.1). The dimensionality of
v is the size |Pa,b| of the population, and the quantity ||a||; — z is
the sample size g, . FASTBALL then shuffles v randomly, e.g., using
the Fisher-Yates approach [22, Sect. 3.4.2] (line 5). The uniform
sample S, used by Curveball is implicitly defined by the victory
vector v as follows. The algorithm iterates through the indices in
[n] (lines 8—13), keeping track, in the counter ¢, of the number of
elements of the population #,} it has seen so far (line 10). When
the current index i is an element of P,}, (line 9), then i belongs to
Sap iff v, has value 1. If that is the case, then ¢; is set to 1 and d; to 0
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(line 11), otherwise, since it mustbe i € P\ S, d; is set to 1 and ¢; to
0 (line 12). If the current index i is not an element of the population
(line 13), then ¢; and d; are set to the value of a; (which is the same
as the value of b;), as required by the last step of Curveball.

Algorithm 1: FAsTBALL

Input :Two n-dimensional binary vectors a and b
Output: Two n-dimensional binary vectors resulting from a
Curveball trade between a and b
1z« 0;

fori < 1tondo

)

3 ‘ ifa;=1andb; =1thenz « z+1;
1 ve(1,...,1,0,...,0);
[T I

llall;—=z  [Ibll; -z
5 Randomly shuffle v;
6 ¢,d < empty n-dimensional vectors;
7t 0;
8 fori « 1tondo
9 if a; # b; then

10 te—1t+1;

1 ifv; =1thenc; « 1,d; « 0;
12 elsed; < 1,¢; < 0;

13 else ¢; <« a;, d; «— a;;

12 returnc, d

Let us now discuss the computational complexity of FASTBALL.
There are multiple steps each taking time O(n):

(1) the computation of z (lines 1-3);

(2) the creation of v (line 4);

(3) the shuffling of v (line 5); and

(4) the loop to set the entries of ¢ and d (lines 8-13).

Thus, FASTBALL costs as much as four linear passes over the in-
put data, i.e., slightly abusing notation, O(4n). Our main goal for
HoMERUN is to decrease this cost to essentially a single pass.

4.2 HoMmeERUN

The key idea of HOMERUN is to use reservoir sampling (Sect. 3.2).
Indeed, creating the sample S,}, is the crucial operation in a Curve-
ball trade, but neither #, j, nor its size are available at the start, and
reservoir sampling is developed exactly for such a situation.

Curveball trades also pose an additional challenge: the sample
size g1 is also unknown a priori, as it depends, like $,, on prop-
erties of the input vectors (Sect. 3.1). HomMERUN tackles this second
challenge by first computing an upper bound § > gq,, and creating
a reservoir r with initial size §. As HOMERUN goes through the ele-
ments of the input vectors, it refines (i.e., decreases) ¢, and shrinks
r so it has size ¢, while guaranteeing that its contents are still a
uniform sample of the population elements seen so far. Once all
the elements of the input vectors have been handled, it is guaran-
teed that § = g,p. We defer the theoretical analysis to after the
description the algorithm.

HoMERUN works as follows (pseudocode in Alg. 2). Let a and b
be the input vectors. The upper bounds ¢’ and ¢’ are initialized to
|lal|; and n — ||b]|; respectively (lines 1 and 2), and the reservoir r
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Algorithm 2: HoMERUN

Input :Two n-dimensional binary vectors a and b

Output: Two n-dimensional binary vectors resulting from a
Curveball trade between a and b

q < llall;;

[

q" —n—1bll;

)

©w

r « empty array of size min{q’, §"’ };
4 t— 0

5 ¢,d « empty n-dimensional vectors;
6 fori < 1tondo

7 if a; # b; then

8 te—t+1;

9 if t <r.size() thenr[t] « i;

10 else

1 f « flip of coin with head bias r.size()/t;

12 if f is heads then

13 h « index chosen uniformly at random
from [r.size()];

14 drlhl «— 1, Crlh] < 0;

15 rlh] < i

16 elsed; «— 1,¢; < 0;

17 else

18 ci «— a;, di — a;;

19 if g; =1then § «— ¢ - 1;

20 else ¢ «— ¢’ —1;

21 if min{¢’,¢”’} < r.size() then

22 if t > r.size() then

23 J < index chosen uniformly at random from
[r.sizeQ)];

2 drij) = L) < 0;

25 r(jl « rlr.sizeQ)];

26 Shrink r by removing its last cell;

27 fori < 1tor.size() doc,[;) « 1,d,[;] < O;
28 returnc,d

is created as an empty vector with size the minimum of the two
upper bounds (line 3). HOMERUN uses ¢ to keep track of the number
of elements of the population seen so far (line 8).

The algorithm then goes through a and b (loop on lines 6-26). If
the current index i is an element of the population (line 7), then the
reservoir sampling approach is used to possibly update r (lines 9—
16). In particular, when an index is evicted from the reservoir, then
it will definitively not belong to S, so the entries of d and c at
that index can be set to 1 and to 0 respectively (line 14). In the case
that the outcome of the biased coin flip is tails, the current index i
will not belong to S, , allowing to set d; to 1 and ¢; to 0 (line 16).

If the current index is not an element of P,}, (lines 17-26), then
HoMmERUN first sets ¢; and d; to the value of a; (line 18), as required
by the last step of a Curveball trade, and then updates the upper
bounds as follows: if a; = 1, then ¢’ is decreased by one (line 19),
otherwise ¢ is (line 20). If such a decrease leads to the minimum of
these two quantities to also decrease (line 21), then the reservoir r is
shrunk by one cell (line 26), ensuring, if r is currently full (line 22),



WWW °26, April 13-17, 2026, Dubai, United Arab Emirates

i =1 i =2 i =3 i =4

t =0 t =1 t =2 =3 t =4

§ =4 q =4 q =4 =4 q =4

§” =3 §” =3 q’ =3 =3 q" =3

r r 1 r 1|2 ri1}/2 3 ro42

1 2 3 1 2 3 1 2 3 1 2 3 1 2
c c c c c 1
d d d d do

1234567 1234567 12345617 1234567

Flip coin with
head bias %
f =heads
h=1

1234567

Michelle Contreras-Catalan and Matteo Riondato

i =5 i =6 i =7
: 4 g =% Resize t =4 Finalize vectors
q =3 4" =3 reservoir q =2
§ =3 § =2 j=3 § =2
r 4 3 r 4 2 r 42 r 2
1 3 1 2 1 2 1 2
cl0 1 c 0 0 10 c 0 0 101 c0/1/0 1101
d/1 1 dj1 1 10 dj1 1 1/0/1 d1/0/10/1/0]1
1234567 1234567 1234567 1234567

Figure 2: The evolving state of HOMERUN’s variables during an example run with inputs the vectors a and b from Fig. 1. The
leftmost panel is before the loop on lines 6-26 starts, and the rightmost just before the return statement.

that the removed element is chosen uniformly at random from
those in r (lines 23-25). As we prove in the analysis later, the final
size of the reservoir is exactly g, p.

Once HoMERUN has gone through all the indices, the indices in
r form S, p, so, for each j of them, c; is set to 1 and d; to 0 (line 27),
after which ¢ and d are returned. Figure 2 shows an example execu-
tion of HOMERUN.

Clearly, HoMERUN does a pass over the input vectors in the main
loop, and each iteration has a constant cost. The final loop (line 27)
performs g, iterations of constant cost. Thus the total cost is
O(n + qap). While g, is at most ||a|,, as we assumed ||a||; < ||b]|;,
thus at most n, in practice it is usually much smaller: vectors from
real datasets are very sparse, e.g., have L'-norm O(log n), as it often
is the case when a vector represents the neighborhood of a vertex
in a social network. Thus, while not costing exactly like one pass
over the data, HOMERUN comes very close to that, and we can argue
that it performs a Curveball trade quasi in a streaming fashion.

THEOREM 4.1. HOMERUN performs a Curveball trade involving
the input vectors a and b.

This result relies on the following technical lemma, whose proof
is in App. A.1.

LEMMA 4.2. After HOMERUN has exited the loop on lines 6-26, the
reservoir r is a uniform sample of Py, of size qap, i.e., can act as Syp
for a Curveball trade between a and b.

ProoF oF THM. 4.1. Consider first the indices i € $,p. Only
such indices can be in r, as no element is added to r when a; # b;
(lines 17-26).

From Lemma 4.2 and line 27, it follows that ¢; = 1 and d; = 0 for
all i € S,p, as required by the second step of a Curveball trade.

Consider now the indices i € P, that are not in r after the loop
on lines 6-26 has completed. From Lemma 4.2, these are the indices
in Pap \ Sap. For any i of them, either i was never in r, or it was in
r at some point and then was evicted. In the former case, HOMERUN
must have performed the setting operations on line 16, so d; =1
and ¢; = 0. In the latter case, either i was evicted from r as part of
the reservoir sampling process, so on line 14 d; gets value 1 and
c; gets value 0, or i was evicted from r when r was shrunk due to
the decrease in the upper bounds to the sample size, in which case
line 24 ensures that d; = 1 and ¢; = 0. Therefore, it holds d; = 1
and ¢; = 0 for any i € P, \ Sap, as required by the third step of a
Curveball trade.

The vectors ¢ and d have ¢; = d; = a; in all indices i € [n] where
a; = b;, thanks to the setting operation on line 18. Thus, HoMERUN
performs the last step of a Curveball trade correctly, so it performs
all of them correctly. O

The upper bounds §" and ¢” to the sample size q,}, are strict,
in the following sense: for any i € {0,...,n}, there exist vectors
a’ and b’ whose entries up to i included are the same as a and b,
and for which gy is exactly the value of min{g},§}'}. That is,
better upper bounds cannot be obtained with only the information
available at every step of the algorithm.

Table 1: Graph characteristics

Name Vertices (n) Edges  Avg. Degree
wiki-Vote 7,115 103,689 29.146
sx-mathoverflow 24,818 239,978 19.339
cit-HepPh 34,546 421,578 24.406
p2p-Gnutella31 62,586 147,892 4.726
soc-Epinions1 75,879 508,837 15.447
ego-twitter 81,306 1,768,149 43.493
sx-superuser-c2q 94,548 291,030 6.156
sx-superuser-c2a 101,052 289,487 5.729
sX-superuser 194,085 924,886 9.530

5 Experimental evaluation

We report here the results of our experimental evaluation of HoMmE-
RuN on real and artificial graphs. The goal is to assess its behavior
in terms of the time taken to perform a Curveball trade, and how
that impacts the time for the Markov chain on the space of matrices
with fixed row- and column-sum vectors to convergence to the
stationary distribution. The behavior of HOMERUN is compared to
that of FASTBALL, as a baseline.

Implementation and environment. We implemented FASTBALL
and HOMERUN in Java 21, aiming to optimize both implementations
as much as possible.? The experiments were run on a machine with
two Intel Xeon Silver 4210R CPUs at 2.40GHz and 384GB of RAM,
running FreeBSD 15.

5.1 Curveball trade time

The purpose of this experiment is to evaluate the distribution of
the time taken by HOMERUN to perform a Curveball trade.

We use the Java Microbenchmark Harness (JMH), which isolates
results from the possible skewness due to stochasticities in the
Java Virtual Machine behavior, to continuously perform Curveball
trades between the randomly chosen pairs of vectors in a dataset,
for five JHM iterations of 10 seconds each, with two JMH warm-up
iterations of five seconds each. Each such experiment was repeated
three times (i.e., three JMH forks). The time taken for each Curveball
trade is a data point, and we study the distribution of these values.

2Code available from https://doi.org/10.7910/DVN/OIECJF.
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Figure 4: Times to perform a Curveball trade vs. probability p}, for b — p, = 0.1, n = 1,000, 000.

Datasets. For real datasets, we used directed graphs from SNAP[
We report their salient characteristics in Table 1. As explained in
Sect. 3.1.1, Curveball trades on directed graphs are executed be-
tween vectors representing the neighbors of vertices. We restrict to
directed graphs because they do not need any additional postpro-
cessing after the Curveball trade is performed, versus what is done
for undirected graphs (see Sect. 3.1.1). We created artificial datasets
each with exactly two vectors (a, b) with n = 1 million, setting each
of the vector entries to 1 independently at random with probabili-
ties pa and py, for (pa, pp) € {(0.1,0.1), (0.1,0.25), (0.1, 0.5),
(0.1,0.75), (0.1, 0.9), (0.25,0.5), (0.25, 0.75), (0.25,0.9), (0.5, 0.5) }.

Results. Figure 3 shows the distribution of the “raw” time (in ms)
taken by HoMERUN and FASTBALL to perform a Curveball trade on
the real graphs. The graphs are ordered on the x-axis by increasing
number of vertices, but the axis is not to scale. Figure 3a shows the
raw times, and Fig. 3b shows the times normalized by the median
raw time for FASTBALL, for each dataset. For both algorithms, the
time to perform a trade increases with the number of nodes (i.e.,
with n), with the absolute time for HOMERUN seemingly having
a smaller growth factor than the one for FASTBALL, suggesting
that it scales better with n. This impression is indeed confirmed by
the normalized times. The median speedup is around 2x, i.e., the
normalized time for HOMERUN is around 50% of that of FASTBALL,
especially on larger graphs. The distributions of the times are dis-
joint on even moderately large graphs, indicating that HoMERUN
is always faster than FAsTBALL. From the distribution of the nor-
malized times we can see that the variance of the move times for
HoMERUN is also much smaller than the one for FASTBALL.

I

In Fig. 4 we show the behavior of the running times (raw in
Fig. 4a, normalized in Fig. 4b) on artificial datasets, as the probability
pa for entries of a is fixed to 0.1, and the one for b changes in
{0.1,0.25,0.5,0.75,0.9}, for n = 1000000 (results for other values of
(pa, pp) are in App. A.2, and are qualitatively similar). The x-axes
are to scale. HOMERUN remains quicker than FASTBALL as py, grows.
The raw times decrease as b’s density pp, becomes higher than 0.5
because the sample size g, 1, decreases as a consequence, as for many
indices i € [n] it will hold a; = b; = 1. The normalized times stay
relatively constant as the probability for b change, suggesting that
the speedup of HoMERUN does not depend on the vector densities.

5.2 Markov chain convergence time

We now study the cumulative effect of using HoMERUN to perform
Curveball trades when running a Markov Chain (MC) starting from
an observed graph G until its state (approximately) reaches the
uniform stationary distribution (see Sect. 3.1.1 for details on the
MC). We do not compare with RectangleLoop [44] because it takes
much longer to converge than Curveball-based algorithms.

Detecting convergence. To empirically detect when the MC has
reached convergence, we first measure, every w steps, for some
user-specified w, the perturbation score [40] p(]\;I, M;) between
the adjacency matrix M of the starting graph G and the adjacency
matrix M; of the current state G;, defined as

POLM) = > max{NGi ) - MG ), 0,

D llew @l @pefatim

iem
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Figure 5: Perturbation score vs. cumulative wall-clock time before convergence.

i.e., as the fraction of entries with value 1 in M that have value
0 in M;. The convergence of the perturbation score as t grows
is a widely-used proxy for the convergence of MC over spaces
of binary matrices [1, 2, 40, 44]. We then consider the slope ¢ of
the least-squares-fit line of the k most recent measurements, for
a user specified k. We declare convergence to be reached when
w-k-c< (z/lOO)p(A;I, M,), i.e., when the interpolated change in
perturbation score over the considered window of w - k steps is less
than z% of the most recent measurement of the perturbation score
p(]\;I, M;), where z is a parameter fixed by the user. We then obtain
the elapsed wall-clock time when convergence is reached. For our
experiments, we set w = 1000, k = 4 and z = 0.1. These parameters
impact the number of steps when convergence is detected, not the
time. Thus they affect both algorithms in the same way, as the
algorithms run the same MC.

Results. In Fig. 5 we show the perturbation score as function of
the normalized time to convergence for the slowest algorithm to
converge, which was always FASTBALL. Results for other datasets
are in App. A.2, due to space limitations. HOMERUN satisfies the
convergence condition earlier in time, maintaining the speedups we
observed in the previous experiments. We remark that the number
of steps, i.e., of Curveball trades, performed by each algorithm
before reaching convergence, is (up to +w, as we only check for
convergence every w steps) the same for both algorithms (plots in
App. A.2), which is not surprising, as they are both running the
same Markov chain, but HOMERUN performs each step faster: we
are really simulating a sprint race with this experiment, as both
algorithms have to cover the same “distance” along the same “track”
and the first one to the “finish line” is the winner. As the figures
show, the winner is HOMERUN.

6 Conclusion and future directions

We introduce HoMERUN, an algorithm to perform Curveball trades.
Curveball trades are the key operation of many procedures for the
statistically-sound analysis of datasets, from binary matrices to
hypergraphs. Previous algorithm made multiple passes over the
data, while HOMERUN performs a single scan, plus some additional
operations that cost less than a linear scan. This speedup is obtained
through the use of reservoir sampling and strict upper bounds to
the sample size. The results of our experimental evaluation show
that HoMERUN performs Curveball trades up to twice faster than
the existing state of the art.

An interesting direction for future work involves modifying
HoMERUN to use skip-optimized of reservoir sampling ([43, Algo-
rithm X], or the algorithms by Li [25]), to avoid flipping a biased
coin for every element of the population, and skip directly to the
next element to be inserted in the reservoir. More generally, it
would be interesting to develop a version of the Curveball trade for
positive-valued matrices, to speed up sampling from their spaces.
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A Appendix
A.1 Postponed proofs

We now prove the technical Lemma 4.2.

PRrROOF OF LEMMA 4.2. We first show that, once the loop on
lines 6-26 has completed, the reservoir r contains exactly g, ele-
ments.

We use ¢; and g}, for i € [n], to denote the value of ¢’ and
4" at the end of i'" iteration of the loop on lines 6-26. We use g,
and §; to denote the initial values of these variables, which are
respectively ||a||; and n — ||b||; (lines 1 and 2). Our goal is to show
that min{q;, g } = gap- We are actually going to show a stronger
result, i.e., that, for any i € {0,...,n}, it holds

G =qup+|{it1<j<n:aj=1nb;=1}| (1)
@ =qap+|{i+1<j<n:a;=0nb;=0} .

These identities clearly imply min{tj;l, q, } = gap. We show that
they are true by induction on i.

The base case for i = 0 is immediate by definition of the initial
values for the bounds.

Fix now any 0 < k < n, and assume that the identities in Eq. (1)
hold for every 0 < i < k. If a # by (lines 7-16), HOMERUN does
not modify the values of ¢’ and ¢”. The invariant is maintained
because in this case

G=G =q+l{ksisnig=1ab=1f]

=qup+|{k+1<j<n:aj=1nb; =1}

Al A

and similarly for ¢; = §;/_,.

If instead aj = by (lines 17-26), HOMERUN decreases ¢’ by one if
ar = 1 (line 19), and §” otherwise (line 20). In the first case (a; = 1),
the invariant clearly still holds for ¢”’, following the same reasoning

as in Eq. (2). In this case, for ¢’, we have
G =G, —1=qp+|{k<j<n:aj=1ab;=1}-1
=qup+|{k+1<j<n:aj=1nb; =1}

thus the invariant also holds. In the second case (ax = 0), a similar
reasoning leads to the same conclusion.

Since r has always size equal to min{§’, ¢’ }, then it contains the
correct number of elements g, }, at the end of the loop on lines 6-26.
We now show that, at the end of the loop, the elements in r are a
uniform sample of P, , of this size.

If at any point min{g’, §"’} becomes zero, then r also has size
zero. From the first part of the proof we then know that it must be
Gap = 0, thus indeed r “contains” a uniform sample of P,}, of size
zero, i.e., the empty set.

Assume then that min{¢’, ¢"’} # 0 throughout the whole execu-
tion of the algorithm. We now show that at the end of every iteration
i of the loop, r contains a uniform sample of size min{q’, ¢’} of the
t elements of the population seen so far, if t > min{q’, §"’}, or all ¢
of them, for t > min{§’, ¢’ }, where again we are considering the
value of ¢ at the end of iteration i of the loop. We call this Fact A,
and prove it by induction on i.

At the first iteration of the loop, i.e., fori = 1,if 1 € P, (i.e,
ay # by), then t takes value 1 on line 8, and since r has size at least
1 (from our assumption above), then r[1] takes value 1, and is the
only element in r, which therefore contains all the elements (i.e., the
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only element) of the population seen so far. If instead a; = by, i.e.,
1 ¢ P,p, r remains empty, so it still contains all the (zero) elements
of the population seen so far. Thus, our base case is complete.

Fix now any 1 < k < n, and assume that Fact A holds for
1<i<k

Let us first consider the case t < min{q’, ¢’’}. Similarly to the
base case, if k € P, (i.e., ax # bi), then ¢t must have had value
strictly less than min{q’, §’’} at the beginning of the iteration, and
was incremented by one on line 8. In this case, the condition on
line 9 is true, and k is added to r in position t. If k ¢ P,y (ie.,
ax = by), then again like in the base case, r is not modified, and
it holds from the inductive hypothesis that it contains all the ¢
elements of the population seen so far.

Consider now the case t > min{q’,§"’}.If k € P, (i.e., ax # by),
then Fact A follows from the correctness of reservoir sampling, i.e.,
Lemma 3.1, as HOMERUN follows the reservoir sampling approach
on lines 10-16. Otherwise, it follows from Fact 3.2, as HOMERUN
shrinks r by removing an element in it uniformly at random on
lines 23-26. m]

A.2 Additional experimental results
See the following pages.
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Figure 7: Perturbation score vs. cumulative wall-clock time before convergence.
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Figure 8: Perturbation score vs. cumulative steps before convergence.
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